I analyze the Higgs mechanism at the graviton level inside the non-linear theory of massive gravity. In the standard formulation, the graviton mass appears as a parameter multiplying the whole massive action and it cannot appear dynamically. Then the theory contains three freeparameters, namely, two inside the potential and the graviton mass. The spherically symmetric solutions of the theory revealed the existence of vacuum degeneracy. It appears due to the preferred time direction effect when the Stückelberg function is non-trivial. Then any generator related to the time coordinate is broken at the vacuum level, remaining then the spherical symmetry. For the gauge symmetries involved, I formulate the Higgs mechanism at the graviton level as a consequence of the Vainshtein mechanism but formulated in time domains for any frame of reference.
I. INTRODUCTION
The Vainshtein (screening) mechanism in massive gravity, plays a fundamental role in recovering the predictions of general relativity (GR) at scales close to the source [1] . The linear Fierz-Pauli theory fails for recovering GR at scales close to any source due to the extra-attractive effect produced by the coupling of the scalar component of the graviton with the trace of the energy-momentum. This is the so-called vDVZ discontinuity [2] . The discontinuity disappears when the theory is extended at the non-linear level and then the Vainshtein (screening mechanism) operates. In its original version, the mechanism works due to the appearance of a sixth degree of freedom, namely, the Boulware-Deser ghost [3] , which is able to cancel exactly the effects of the scalar component at scales shorter than the Vainshtein radius (r V ) [4] . In the new version of massive gravity, the mechanism appears through the non-linearities of the theory [5, 6] . The connection between Vainshtein mechanism and the Hawking radiation inside massive gravity has been analyzed in [7, 8] . Regarding the vacuum solutions in massive gravity, they contain a natural degeneracy, difficult to explain inside the standard framework of GR [9] . The degeneracy provides a natural loss of predictability of the theory. A possible solution to this problem has been done by the author in [7, 8] . The vacuum degeneracy is related to the preferred time-direction of the theory defined by the Stückelberg function (T 0 (r, t)). In this sense, the gauge symmetry of the theory is spontaneously broken at the vacuum level. Then the observers taking their time in different directions (different frames of reference), define a set of vacuums, related to each other through rotations around the complex plane for the time coordinate. If the vacuum is shifted in order to get the physical one, then it is possible to explain the dynamical origin of the graviton mass as a Vainshtein mechanism in time-domains. It can be concluded that there is a special class of observers defining the time in agreement with the Stückelberg field function (T 0 (r, t)). The observers defining a boost in agreement with the notion of time T 0 (r, t), will not perceive the effects of the dynamical graviton mass at all. T 0 (r, t) contains the information of the extradegrees of freedom of the theory and it has a trivial component which can be gauged away and a non-trivial one which contains the scales of the theory and the relevant information related to the extra-degrees of freedom. The dynamical origin of the graviton mass (Higgs mechanism), comes from the relation between the observers defining the time in agreement with T 0 (r, t) and the observers defining the time in a different direction (different frame of reference or boost). The changes of the function T 0 (r, t) under gauge transformations can be found if we consider as a local symmetry the set of diffeomorphism transformation of the action. In such a case, any generator related to the time-coordinate is a broken one. By the date, there is no accepted version of the Higgs mechanism in massive gravity [10] , although some attempts have been done in [11] . A possible solution for the graviton Higgs mechanism in Anti-de Sitter space (A-dS), has been proposed in [12] . In addition, some attempts for understanding the symmetry breaking pattern in massive gravity and the symmetry breaking mechanism from the perspective of the space-time have been done recently [13, 14] . The role of the symmetry breaking mechanism in the scenario of the effective theory of inflation, has been considered in [15] . However, since the Vainshtein mechanism is the responsible for the recovery of GR at scales below r V , and as a consequence, it is the mechanism able to recover the continuity between massive gravitons and massless ones; then it is natural to suspect that the understanding of the Higgs mechanism in massive gravity is related to a reformulation of the Vainshtein mechanism in this theory. One important step toward this direction has been done by the author in [16, 17] , where the mechanism was expressed in terms of Stückelberg functions (T 0 (r, t)). This provides the chance of understanding the dynamical origin of the graviton mass if the Vainshtein mechanism is analyzed over the time domains and not in the usual spatial domains. The scale at which the symmetry is broken, is clearly determined by the Vainshtein scale, which is contained inside the non-trivial part of the function T 0 (r, t). For the family of solutions with one free-parameter and the Stückelberg function arbitrary, the relation between the free-parameter of the potential (massive action) and the total derivative of T 0 (r, t), determines whether the vacuum is degenerate or not. This is analogous to the simplest case analyzed for the scalar field for the Nambu-Goldstone theorem. Here in the formulation of Higgs mechanism, there is a fraction of the Christoffel connection which plays the role of the gauge field since it contains terms depending explicitly on the Stückelberg function at the perturbative level. The other fraction, corresponds to the usual GR contribution. Then in a free-falling frame, the non-trivial contribution for the Christoffel connection and related to the Stückelberg function, does not vanish, contrary to the case of the GR contribution. In fact, in a free-falling frame of reference, expanding the dynamical metric as a function of the Stückelberg function at the perturbative level, it is not conformal to Minkowski, except when the Stückelberg function is spatially and time-independent. Then the equivalence principle is not necessarily satisfied at this level. It is interesting to notice that the Stückelberg function has a double effect in the formulation of the Higgs mechanism. 1). It is the parameter mass which determines the location of the physical vacuum is a function of the Stückelberg function. 2). The Stückelberg functions reproduce the gauge portion of the connections, making them equivalent to gauge fields of the theory when we consider the perturbative analysis. The manuscript is organized as follows: In Sec. (II), I describe briefly the massive gravity formulation, used in this manuscript as the background theory. In Sec. (III), I explain briefly the Schwarzschild de-Sitter solution in dRGT massive gravity. In Sec. (IV), I describe the Vainshtein mechanism in terms of the Stückelberg functions. In Sec. (V), I explain the standard Nambu-Goldstone theorem. In Sec. (VI), I explain the standard Higgs mechanism for scalar fields. In Sec.
(VII), I analyze the massive action in a free-falling frame at the background level. I divide the analysis in different cases, depending on the relation between parameters. In Sec.
(VIII), I analyze the massive action, but this time at the perturbative level. In this case, the vacuum definition reveals a degeneracy and then the physical perturbations have to be expanded around the physical vacuum. In Sec. (IX), I formulate the Higgs mechanism at the graviton level in massive gravity theories. In Sec. (X), I extend the results for including arbitrary timedependence at the perturbative level. Here any deviation from the stationary condition comes from perturbations. In Sec. (XI), I extend the results for including gravity (no freefalling condition). Here gravity enters perturbatively through a dimensionless parameter , which depends on the fundamental scales of the theory and on the distance of the observer with respect to the source. The vacuum degeneracy for this case is equivalent to a multiplicity of fundamental scales of the theory. Finally, in Sec. (XII), I conclude.
II. MASSIVE GRAVITY FORMULATION
The coming analysis in this manuscript, is expected to be more general than the theory of massive gravity. However, for study purposes, I formulate the problem inside the dRGT theory of massive gravity, which is well known inside the community. The action in the dRGT non-linear massive gravity formulation is defined as [5, 9] :
This action contains three free-parameter, namely, the graviton mass, and the two parameters appearing inside the potential U (g, φ):
where:
We can then compute the field equations as follows:
Here f µν is the fiducial metric and Q is the trace of the matrix Q µ ν .
III. THE SCHWARZSCHILD DE-SITTER SOLUTION IN DRGT
In [9] , the S-dS solution was derived for two different cases. The first one, corresponds to the family of solutions satisfying the condition β = α 2 , where β and α correspond to the two free-parameters inside the potential U (g, φ). These set of parameters are related to the previously defined α 3 and α 4 [9] . Under this previous condition, the Stückelberg function T 0 (r, t) becomes arbitrary. This is not a coincidence because the theory has three parameters. If we fix one of the parameters with the background, then the other two parameters remain free. There exists a non-trivial connection between the mass parameter and the Stückelberg function which is the key point for the Higgs mechanism formulation. Later in this manuscript I will explain this connection. There is a second family of solutions. They correspond to the case with two-free parameters satisfying the condition β ≤ α 2 with the Stückelberg function T 0 (r, t) constrained to some specific dependence on the space-time.
The constraint has the Finkelstein-type form if we impose the regularity condition for the future event horizon. In this case, again there are two-free parameters after constraining one. Any solution satisfying the spherically symmetric condition, is expressed generically as:
Λr 2 . This previous solution looks similar to the Schwarzschild-like one after coordinate transformations. However, here we have to take into account that T 0 (r, t) is not in reality a coordinate (gauge) transformation function, but rather a Stückelberg function containing the information of the extra-degrees of freedom of the theory. In fact, the metric components in eq. (13) are obtained after using the non-linear version of the Stückelberg trick expressed as:
with the components of the Stückelberg function given by:
In eq. (13) , all the degrees of freedom of the theory are inside the dynamical metric. The fiducial metric in this case is just the Minkowskian one given explicitly as:
The dynamical metric when it contains all the degrees of freedom, is diffeomorphism invariant under the transformation [6] [7] [8] :
The full action is invariant under these previous set of transformations.
IV. THE VAINSHTEIN MECHANISM IN TERMS OF THE STÜCKELBERG FIELDS
The Vainshtein mechanism can be formulated in terms of Stückelberg functions as has been done in [7, 16, 17] . The set of equations:
can easily help us to find the Vainshtein scale, which in general can be time-dependent. In this previous expression, ∂gµν ∂w x is just the partial derivative with respect to w but keeping the variable x constant. The Vainshtein scale corresponds to the standard Vainshtein radius (r V ) for time-independent situations [16, 17] . The Vainshtein radius defines three regimes, given by:
The original formulation of the Vainshtein mechanism in terms of Stückelberg functions was developed in [7, 16, 17] .
A. The Vainshtein conditions: Extremal conditions on the massive action
The so-dubbed Vainshtein conditions were derived originally by the author and they are defined in the previous section. They correspond to extremal conditions of the dynamical metric in unitary gauge. It has been demonstrated before that they are equivalent to an extremal condition for the massive action U (g, φ) [7, 16, 17] . The extremal condition applied to the potential defined in eq. (2), implies:
The details of the potential expansion are not relevant at all. What is important is that U (g, φ) can be expressed in terms of matrices of the form M 
and this is just equivalent to:
This previous condition has to be applied to all the components of the dynamical metric in unitary gauge. If we want to calculate the Vainshtein radius, all what we have to do is to translate all the degrees of freedom (in any coordinate system) inside the dynamical metric and then after we can apply the conditions (22) , after which we can solve the equation for the scale r = r V [16, 17] . The conditions (22) , are the ones necessary for expressing the Vainshtein mechanism in terms of Stückelberg functions. Note that eq. (22) is just equivalent to eq. (18).
V. THE NAMBU-GOLDSTONE THEOREM: THE SIGMA MODEL
Here as an example for the Goldstone theorem and the subsequent Higgs mechanism, I consider the the linear sigma model. Consider this model for N scalar field φ(x)
i . The Lagrangian is given by:
which is invariant under the following transformation:
This transformation is just a representation of the O(N ) group, namely, the group of orthogonal matrices in N dimensions. The potential of the Lagrangian (23) is given by:
This potential has a minimum when:
From this previous condition, we can determine the magnitude of φ i 0 , but not its direction. Then the direction is in principle arbitrary. We can select some arbitrary direction, for example we can select φ i 0 as:
with v = µ/ √ λ. If we re-define the vacuum in agreement with the shift:
with k = 1, ..., N − 1. The Lagrangian in terms of the fields π k (x) ans σ(x) becomes:
(29) This Lagrangian clearly contains N − 1 massless π k -fields and one massive field σ. Then there are N − 1 broken generators and they correspond to the Nambu-Goldstone bosons.
A. The Nambu-Goldstone theorem Here I will summarize the results due to the Nambu-Goldstone theorem. We have seen in the previous explanations that the sigma model provides a basic example of the theorem. In this example, the symmetry O(N ) is broken and then the symmetry O(N − 1) remains after selecting some vacuum. Here I will explain how the sigma model is a consequence of a more general theorem, namely, the Nambu-Goldstone theorem. Note that in general, the potential V (φ i ), can be expanded as:
where ∂V /∂φ a = 0, since we are expanding around an extremal point. The mass matrix is symmetric and given by the coefficient:
The potential for the spontaneous breaking of symmetry of the O(N ) symmetry, for the case of N = 2. Taken from [18] .
This previous condition is due to the fact that φ 0 represents a minimum. At this point I will assume that the full action given by:
is invariant under the the action of the group G = O(N ). In addition, we assume that the selected vacuum state is invariant under the action of a subgroup of G, given by H = O(N −1). The vacuum state is not invariant under the action of the full group G. In resume:
where U (g) and U (h) denote the representations of the groups G and H respectively. However, the potential V (φ) is still invariant under the action of the full group G. The action of this group on the potential expansion (30) gives the result:
where T a (φ) is the generator of the group transformation. In the U (g) representation for example, it would take the form:
where T a (φ) denotes the action of the operator T a on the function state φ. If we introduce the result (35) inside the expansion (30), then we get the condition:
Note that if T a (φ 0 ) = 0, namely, when the vacuum state selected is invariant under the action of the the group, then the corresponding mass component m ab is not necessarily zero. On the other hand, when the symmetry generator is broken, namely, when the group element belonging to G does not leave the vacuum invariant, then T a (φ 0 ) = 0 and then the mass components related to this condition are necessarily zero (m ab = 0). Then the number of broken generators are clearly related to to the existence of the Nambu-Goldstone bosons. In resume, the number of fields whose mass is not required to be zero, is determined by the dimension of the subgroup H under which the vacuum is invariant. On the other hand, the number of Nambu-Goldstone bosons (massless particles) is determined by the dimension of the coset G/H. The results of this section were taken from [18] .
B. Charge conservation
In quantum theory, the Goldstone theorem suggests that if there is a field operator φ(x) with non-vanishing vacuum expectation value < 0|φ(x)|0 > and in addition, the vacuum expectation value is not a singlet under the transformations of some representation of a symmetry group, then some massless particles will appear in the spectrum states. It is well known that up to a total derivative term in the action (Lagrangian £), the conserved charge is given by:
where δφ(x)/δα corresponds to the field variations under symmetry transformations of the Lagrangian. The previously defined current is divergence-less and the corresponding charges are given by:
In the standard cases, these charges are conserved, dQ a /dt = 0, and they have a well defined commutation relations given by:
where C abc are the structure constants of the Lie algebra. We can define an unitary operator with the charge being the generator of the group transformations:
If the vacuum is non-degenerate, then the previously defined charge annihilates the vacuum, namely, U |0 >= |0 >, or equivalently:
When the vacuum is degenerate, then these previous conditions are not satisfied and in general:
This case is the interesting one for the purposes of this manuscript. It is not difficult to observe that in dRGT massive gravity, for the black-hole solutions, the mass of the blackhole will play the role of the charge. In fact, the apparent non-conservation of the Komar and ADM mass in the non-liner theory of massive gravity, is a consequence of the fact that the vacuum is degenerate after the Vainshtein radius [19, 20] . The apparent nonconservation is provoked by the presence of the extra-degrees of freedom appearing after the Vainshtein scale. Their presence, creates a distortion of the notions of time perceived by observers located at scales larger than the Vainshtein one. The distortions of time, specifically in its periodicity in the complex plane after analytical extension is what generates the effect of extra-particle creation process for a black-hole inside this theory [7, 8] . As has been explained before, this extra-component of radiation comes from the mismatch between the periodicity of the function T 0 (r, t) and the standard time-coordinates t. These previous effects are all consequence of the direction deviations between the Killing vector in the direction T 0 (r, t) with respect to the one defined in the direction of t. At this point we can recognize a connection between the standard Nambu-Goldstone theorem with the related Higgs mechanism when the symmetries involved are local; and the mechanisms responsible for the particle creation process of black-holes, namely, mechanisms related to the conformal symmetry. This manuscript can also be perceived as a connection between the Higgs mechanism and the particle creation process of black-holes when we consider gauge symmetries. Returning to the main topic of this section, if the operator φ(x) is not a singlet, then its commutation with the charge Q a is non-zero and given by:
The vacuum expectation value of this operator is given by:
If we introduce the definition of charge given in eq. (39), then we get:
where the equal-time condition has been imposed. After some trivial calculations, this previous expression finally becomes:
which must be different from zero in agreement with the previous results. Note that p 0 n = M n and the spatial integrals were evaluated. The current conservation guarantees that the previous expression is independent of y 0 . Then it is trivial to observe that M n = 0 and this proves the Goldstone theorem. The proof elaborated in the previous way can be found in [21] .
VI. THE HIGGS MECHANISM: LOCAL GAUGE SYMMETRY
In the previous section we observed that the Goldstone theorem is a consequence of group theory and the exact form of the potential is not important at the moment of understanding how many Nambu-Goldstone bosons appear after breaking the symmetry. Notice that in the previous section in order to get the Goldstone theorem result, it was enough to consider global symmetries for the Lagrangian. In this section, I will explain the Higgs mechanism.
The Higgs mechanism appears when we consider local gauge symmetries. Consider for example the Lagrangian:
where D µ = ∂ µ + ieA µ is the corresponding covariant derivative, which transforms like the field φ under local gauge transformations. The potential for the previous Lagrangian is given by:
The action is invariant under the following transformations:
The ground state is given by:
Note that m cannot be interpreted at this point as the mass but rather as a parameter. In fact, m 2 < 0 is necessary in this case. Since the vacuum breaks the symmetry, this means that we are working around the wrong vacuum, then we can redefine it by using the following shift:
In terms of this field redefinition, the Lagrangian (48) becomes:
Note that there is a mix between the kinetic term of the field φ 2 and the massless vector field A µ . Then we can eliminate the φ 2 field by doing the following transformations:
After introducing these set of transformations, we get:
We can observe that this Lagrangian has two fields, namely, one vector field A µ which is massive and a second scalar field φ 1 , which is massless for a total of four degrees of freedom. The degrees of freedom (one) represented by the field φ 2 has been eaten up by the vector field. Then the Nambu-Goldstone bosons produced after symmetry breaking, can be eaten up by other fields and then such fields become massive. The gauge represented by the Lagrangian (55) is called unitary gauge because it represents the gauge where physical particles will appear. The Higgs mechanism as explained in this section, is taken from [21] .
VII. MASSIVE GRAVITY IN A FREE-FALLING FRAME OF REFERENCE
Here I will analyze the theory around a "free-falling" frame satisfying the condition f (Sr) → 1 locally for any observer. The dynamical metric in this case is not necessarily Minkowski inside the massive gravity formulation if the Stückelberg function is expanded on it at the perturbative level. Under stationary solutions, only when the spatial derivative of the Stückelberg function vanishes, the free-falling metric is conformal to Minkowski. The free-falling condition, also constraints the behavior of the Stückelberg function for the case of two free-parameters for the massive action, if we impose the regularity condition at the future event horizon as has been explained in [9] . For the case of one free-parameter with the Stückelberg function arbitrary, the free-falling condition does not provide any constraint on T 0 (r, t). The explicit form of the Q-matrix appearing inside the massive action, will depend on the case under evaluation. Here I explore the two cases at the background level.
A. Case i). Two-free parameters and the Stückelberg function constrained by regularity conditions
In such a case, the Stückelberg function is given by [9] :
Note that in a free-falling frame, then T 0 (r, t) = 0 since f (u) → 1. Then the Q-matrix given in eqns. (7) and (8) become:
in agreement with the notation given in [9] . If we introduce this result inside eqns. (3), (4) and (5), then we obtain:
Note that for the case S = 1 the massive action vanishes independent of the time orientation with respect to T 0 (r, t). This is consistent with what has been already found in [9] . On the other hand, for any value taken by the parameter S, at the background level, the massive action will behave as a cosmological constant term. Different case is expected at the perturbative level, where the massive action will have a non-trivial behavior (to be analyzed later). The previous results demonstrate that the symmetry under time translations exists for the observers working on a free-falling frame of reference at the background level. In other words, there is no preferred time orientation and the physics will be independent on the frame of reference selected by the observer. This is equivalent to a local Vainshtein mechanism and is independent of the position of the observers with respect to the source. In other words, the equivalence principle and the Vainshtein mechanism in time-domains are directly related for this case due to the condition T 0 (r, t) = 0 appearing naturally in a free-falling frame. The usual physics of GR in a free-falling frame of reference is recovered at this level.
B. Case ii). One free-parameter with the Stückelberg function arbitrary
For the case of one free-parameter with the Stückelberg function arbitrary, the behavior is not as trivial as in the previous case. Here it is not possible to assume T 0 (r, t) = 0 for a free-falling frame, then the Q-matrix for this case becomes:
Note that if T 0 (r, t) = 0, we recover the previous case. Here is evident that the presence of the term T 0 (r, t), can potentially break the vacuum symmetry for a free-falling observer. In fact, if the observer defines the time in agreement with T 0 (r, t), then his/her Q-matrix will be defined in agreement with eq. (57). If the observer in a free-falling condition defines his time arbitrarily, then his Q-matrix will be defined in agreement with eq. (59). In this case however, at the background level these effects cannot be perceived. In fact, the massive action corresponding to the matrix (59) is:
after introducing the result (59) inside eqns. (3), (4) and (5) and then using eq. (2). Note that here β = α 2 and S = α/(1 + α). The result (60) is independent of T 0 (r, t). This means that the massive action again behaves as a standard cosmological constant term at the background level. Different situation will appear at the perturbative level.
VIII. PERTURBATION AROUND A FREE-FALLING FRAME
In the previous section, I have analyzed what happens to the massive action in a freefalling frame at the background level. For the case with two free-parameters with the Stückelberg function constrained to behave as a Finkelstein-type coordinate in order to guarantee regularity, the analysis at the background level revealed that the massive action is just a cosmological constant term. At the perturbative level however, we expect a FierzPauli behavior or something similar. What is interesting is the fact that the graviton mass is fixed at this level (with the two free-parameters of the potential arbitrary). For the second case, namely, with one free-parameter and the Stückelberg function arbitrary, the behavior is not trivial but in fact, it is the most interesting one for the purposes of this manuscript. Here I will make the perturbation analysis for both cases.
A. Case i). Two free-parameters with the Stückelberg function constrained
In this case, the perturbation of the Q-matrices is in agreement with the method developed in [9] :
Taking into account the result (57) at the background level and the generic perturbation equations (61), we obtain the following results for the potential:
where the positive or negative sign for the root square terms is selected depending on the branch of solutions selected for the scale factor S in agreement with [9] . Here h(r, t) is the trace defined in agreement with the metric:
with ds 2 M being the standard Minkowski metric as in the Special Relativistic case. From the result (63), it is clear that the dynamical metric in a free-falling frame with the Stückelberg function constrained to behave as as a Finkelstein-type coordinate, is conformally trivial. The trace is explicitly given by h(r, t) = (−h 00 (r, t) + h rr (r, t))/S 2 . With these previous results, we can expand the massive action √ −gU (g, φ) up to second order. The perturbative expansion of the root square of the determinant for the dynamical metric is [28] :
then the massive action is clearly given by:
where U (g, φ) back corresponds to the background value of the potential and δU (g, φ) is the perturbation around the background. The relevant terms for the expansion up to second order in the graviton field are:
Here the first term on the right-hand side behaves as a cosmological constant one expanded up to second order in perturbation theory. For simplicity, we can express the perturbation of the potential U (g, φ) as δU (g, φ) = F (α, β)h, with α and β representing the two-free parameters in addition to the graviton mass. Here F (α, β) is defined in agreement with eq. (62). Note that S is a function of the same set of parameters. Then eq. (66), is equivalent to:
If we define the potential in agreement with √ −gU (g, φ) = V (g, φ), then we can find the vacuum solutions if we solve:
which in this case is equivalent to:
where η µν is just the standard Minkowski metric which is conformally related to the real metric (see eq. (63)) and the subindex vac makes reference to the vacuum solutions. Solving for this previous expression, we get:
where we have defined A(α, β) as a function of the parameters α and β. Fig. (2) shows the behavior for each vacuum component. Note that for the case α = 0 or β = 0, the vacuum states vanish. This behavior can be better visualized in Fig. (3) . In this situation, there is no dynamical origin of the graviton mass because there is no spatial dependence of the Stückelberg function. Here we can evaluate the mass matrix for the present potential. The matrix is obtained by evaluating second derivatives with respect to the potential (67). The parameter-dependent matrix mass is given by:
From this result, we can find the eigenvalues, which would correspond the parameterdependent mass for some specific modes. Here however, the eigenvalues would not correspond to a dynamical graviton mass because there is no gauge-field associated to the masses and the Stückelberg function is absent. The analysis about the mass for the different modes can be found in [17] .
FIG. 2:
The vacuum state representative for the potential (67) as a function of the parameters α and β. The yellow color plot corresponds to the vacuum component for h 00 and the blue color corresponds to the component h rr . It is easy to visualize the symmetry between both components. This plot corresponds to the positive root square branch of the scale parameter S as has been defined in [9] . For the negative branch, analogous conclusions can be found.
FIG. 3:
The plane α-β corresponding to the vacuum state of Fig. (2) . Here we can perceive a parabolic behavior between both parameters in some region of the plane. This portion of the figure, corresponds to the vacuum state for h 00 . The vacuum state for h rr is the mirror image of this figure.
B. Case ii). One free-parameter with the Stückelberg function completely arbitrary
For this case, the condition T 0 (r, t) = 0 is not necessarily satisfied for a free-falling reference frame and then the structure of the perturbation for the Q-matrices is not necessarily as trivial as in the previous case. By using the same procedures based in the most generic formulation for perturbation theory in massive gravity found until this moment in [9] , then we can divide the analysis in two cases. This case can be derived directly from the one with two free-parameters if we just take into account that β = α 2 in eq. (67) for the present situation.
It is trivial to demonstrate that for this case:
and:
Then the total action, expanded up to second order in perturbation theory, is in agreement with the generic result (66):
If we evaluate the condition (68), then we obtain for the potential (74) the following result:
whereη µν is the background metric which is trivially related to Minkowski through the conformal transformation due to the factor S as in eq. (63). Solving for the graviton field, we find that the vacuum is represented by the following set of solutions:
where the subindex vac makes reference to the vacuum state. From Fig. (4) , we can observe the behavior for the vacuum state as a function of the free-parameter α. Note that in general the trace of graviton field is non-zero, except for one well defined value of the parameter α. Although the plot covers a large range of values, it is understood that the condition |h| << 1 must be satisfied. Note that the vacuum satisfies the relation h 00 /h rr = −1. Then the vacuum state represented by the potential (74) is given by a straight line with negative slope, where the axes are represented by the components h 00 and h rr as it is illustrated in Fig. (4) . Note that there is a fixed relation between the vacuum components h 00vac (r, t) and h rrvac (r, t). All the line represents the possible vacuum states depending on the parameter α. Fig. (5) . The same logic applies to the previously analyzed case. If we compute the matrix of second derivatives for the potential (74), then we find that the matrix mass is given by the result (71) but with β = α 2 [17] . Again in this case there is no gauge field associated to the graviton mass. Then we cannot consider the present situation as a Higgs mechanism at the graviton level. Thus although different values of α represent different notions of vacuum, there is no dynamical origin of the graviton mass at this level. The analysis for the masses corresponding to different modes, can be found in [17] . 
Non-vanishing spatial dependence of the Stückelberg function: T 0 (r, t) = 0
For this case, and for all the previous cases, I have assumed that stationary condition for the dynamical metric, in other words,Ṫ 0 (r, t) = S, with S being defined such that the dynamical metric is conformally trivial when the spatial dependence of the Stückelberg function vanishes and in addition, gravity effects are absent at all. This is not the most general situation, but it is enough for understanding the physics behind the Higgs mechanism at the graviton level. In this small section, I will assume that T 0 (r, t) = 0. This is possible given the arbitrariness of the Stückelberg function for the case of one free-parameter as has been analyzed in [9] . The background is independent of the Stückelberg function for this case. However, at the perturbative level, the effects of the Stückelberg function and its spatial-dependence will appear. It is this situation what makes attractive the analysis of this sub-section. The potential expanded up to second order in perturbations becomes:
For perturbation theory purposes, I will consider T 0 (r, t) ≈ M << 1. In other words, I only consider infinitesimal departures from the trivial result T 0 (r, t) = 0. Then here I consider T 0 (r, t) 2 as a second order term in the expansion of the action. Here we can also calculate the vacuum condition by using eq. (68). The result is: whereη µν corresponds to the dynamical metric in the absence of gravity. However, in this case, due to the presence of the Stückelberg function, the metric is not conformal to Minkowski. In this case, it is given by:
Note that for the case T 0 (r, t) = 0, we recover the previous cases. We can consider the deviations with respect to Minkowski for this case as perturbations generated by the presence of the extra-degrees of freedom. In other words, the term T 0 (r, t) is considered as first order in perturbations. By replacing the metric (79) inside eq. (78) and then solving the system of equations involved, we obtain:
where A(α), B(α) and C(α) are functions depending on the parameter α. Note that the corrections due to the Stückelberg function presence are quadratic at the lowest order for h oovac and h rrvac . They are also of linear order at the lowest order for h 0rvac . If we work for an infinitesimal value of T 0 (r, t), then the relation between the vacuum components h oovac and h rrvac would be exactly of the same form as in Figs. (4) and (5). Only the higher order contributions of the Stückelberg function break this mirror symmetry between these two components. The non-diagonal component h 0rvac is linear in T 0 (r, t) and it does not exist for a vanishing value of the Stückelberg function. The figures (7) and (8) represent the behavior of the vacuum solutions (80). Note that in the region around T 0 (r, t) → 0 (M in the figure) , there is a multiplicity of values taken by α, for which we have absence of gravitons at the vacuum level. We can calculate the determinant for the vacuum solution (80). It becomes a complicated solution in terms of α and T 0 (r, t). Here I express the result as:
The vacuum is then degenerate and assuming that we can fix C(α) to be zero, still we have the degeneracy associated to the Stückelberg function T 0 (r, t). An important value, is the one for which the determinant vanishes. In fact, v = 0 in eq. (81) when:
Note that in the previous derivations, for the calculation of the vacuum condition, it was assumed that T 0 (r, t) is constant when the variations with respect to the graviton field were considered. In other words, T 0 (r, t) is considered as an independent field. More specifically, it is a parameter inside this family of solutions. Here we could also calculate the eigenvalues for the matrix mass given by the second derivative of the potential (77). Here I will not do the calculation because it is not the main purpose of the manuscript. What is interesting to notice at this point is that the dynamical part of the graviton mass, comes from the spatial dependence of the Stückelberg function T 0 (r, t). In this section, this part behaves as the mass parameter of the theory. In the next section, I will formulate the Higgs mechanism at the graviton level and in such a case, T 0 (r, t) has a double role, namely, not only it appears as the mass parameter of the theory which defines the relative positions between the false and physical vacuum, but in addition, it provides the gauge-part for the Christoffel connections which behave as gauge-fields, able to provide the graviton mass dynamically.
IX. SYMMETRY BREAKING PATTERN AND HIGGS MECHANISM
From the previous analysis, it is clear that there is a degeneracy in the vacuum solution and that the Stückelberg function has two roles. It is related to the mass parameter of the theory, analogous to the µ-parameter in the case of a scalar field (see eq. (26)). This can be observed explicitly for the case when we have one free-parameter with T 0 (r, t) arbitrary. In massive gravity, the position of the false vacuum relative to the physical one depends on the value taken by the Stückelberg function. In general, the action is invariant under the full diffeomorphism transformation defined as in eq. (17) . The vacuum represented by eq. (80) is in general non-zero and not invariant under the action of the full set of transformations. Then it is necessary to shift the fields such that we can expand the perturbations around the physical vacuum. The Stückelberg function behaves as a preferred time direction for the vacuum field. Then although the action is invariant under a local gauge symmetry, the vacuum symmetries related to the time-direction are broken for the case of one freeparameter and the Stückelberg function arbitrary. Then any diffeomorphism transformation connected to the time-coordinate is in principle broken at the vacuum level. Due to the preferred time-direction T 0 (r, t), the observers defining the time in agreement with T 0 (r, t) will not perceive the graviton mass effects in a dynamical sense. This means that they will not perceive locally the spatial variation of the Stückelberg function. At this level, any symmetry transformation involving the time, should be considered as a potential broken generator inside this solution depending on how the observers define their notion of time (frame of reference). As an example, if the symmetry under consideration is the Lorentz one, then we have three potential broken generators corresponding to the three boost directions. However, knowing how many Nambu-Goldstone bosons correspond to the number of broken generators is not an easy task at the spacetime level. Some progress has been done in [14, 22] . For internal symmetries in non-relativistic systems, the solution for the relation between the Nambu-Goldstone bosons and the number of broken generators has been found in [23] . At the most basic level, we expect a symmetry breaking pattern of the form
with the coset space defined in agreement with the number of broken generators. The broken generators in our case are those set of transformations related to the time coordinate. Here SO (3) is just the symmetry under rotations and the related generator is just the angular momentum. The previous expression then suggests that the symmetry under spatial rotations is still valid after the observers make the selection of frame of reference. In other words, the angular momentum is still well defined after the symmetry is broken. The symmetry breaking pattern illustrated in eq. (83), explains why in [7, 8] , it was discovered that under the spherically symmetric assumption, as far as the time coordinate is excluded, everything in dRGT massive gravity is exactly the same as in the GR case. Only when dynamical processes are considered, the departures with respect to GR are evident. In the Hawking radiation analysis for example, from the path integral formulation analyzed in [8] , it is evident that an extra-component of radiation will appear due to the distortions of the periodicity patterns of the propagators produced by the extra-degrees of freedom. The periodicity of the propagator is related to the U (1) symmetry, which is related to the coset of broken generators (coset space). Then the results of the present manuscript can also be perceived as a connection between the usual spontaneous symmetry breaking mechanism and the conformal symmetry breaking mechanism which is the responsible for the Hawking radiation effect. If the vacuum values for the graviton field are non-zero as has been found in eqns. (80) and in the vacuum determinant given by eq. (81), then the perturbations are considered physical if they are expanded around the physical vacuum which is obtained after shifting the solutions (h µν ) in agreement with the results (80). In other words, we have to expand the perturbations around the degenerate vacuum. By repeating the standard techniques, we can shift the solution such that we work around the physical vacuum. Then we define:h
where h µνvac is defined in agreement with the vacuum components (80). Then the action has to take the corresponding shift. If we take the Riemmann tensor to be:
with the appropriate contractions, we can then find the Ricci scalar as g λν g µκ R λµνκ . At the linear level, if we want to compute the kinetic term for the action, we can ignore the power expansion for √ −g in eq.
(1). This expansion however, cannot be ignored when we consider the potential (massive action). At the background level, then we can use √ −g = S 4 . By taking into account the dynamical metric components given in eq. (79), some terms of the form:
will appear at the end of the calculations for the first term on the right hand-side of (85). Note that in eq. (86) we have not yet introduced the physical perturbation (84). However, this is a trivial part and it will only introduce new terms depending on the derivatives of T 0 (r, t). We only have to take into account that in general:
Then we can easily calculate the derivatives around the appropriate vacuum defined in eq. (80) for the different components if we use the results:
For these previous type of terms, all the other expressions are standard. Regarding the linearorder approximation for the second term for the Riemmann tensor, we have to calculate the extra contributions of the connections coming from the T 0 (r, t) contribution as:
with all the other terms being standard. Again in this case, we still have to expand the graviton field around the physical vacuum, such that we can work with the physical fields defined byh µν in eq. (84). This is possible again by using analogous results as in eqns. (87) and (88). The explicit terms are:
Note that by considering T 0 (r, t) infinitesimally close to zero, it is possible to ignore some of the previous contributions. What is important to notice at this level is that the terms ΓΓ for the second part of the Riemann tensor definition in eq. (85) can be considered to vanish for a free-falling frame in GR. However, in massive gravity, at the perturbative level, we have to retain the contributions coming from the Stückelberg functions because T 0 (r, t) is arbitrary. In this case, it is evident that the term ΓΓ will be equivalent to the gauge-field which provides the graviton mass dynamically. It is analogous to the photon field term (A µ ) function. The contractions in order to derive the Ricci scalar, for the kinetic term given in eq. (86), can be done with the conformal Minkowski metric ds 2 = S 2 ds 2 M given by eq. (63) without considering the Stückelberg function. This is correct since here I am assuming T 0 (r, t) to be infinitesimally close to zero and the kinetic terms should be considered as second order contributions as in the usual perturbation analysis around Minkowski. For the case of the connection terms, if we make the relevant contractions and after expanding for small values of T 0 (r, t), the final form of the Lagrangian is:
where £ EH is the Einstein-Hilbert Lagrangian, F (v, α) is a function of the vacuum parameter defined in eq. (81). This term represents the shift of the physical vacuum relative to the false vacuum and it is the responsible for the appearance of the massive term. The Γ matrices correspond to the portion of the Christoffel connection which depends explicitly on the Stückelberg functions at the perturbative level. Here we can see that the graviton mass comes dynamically from the gauge fields Γ. For a vanishing spatial dependence of T 0 (r, t), this term vanishes. This term then will appear for observers defining the time arbitrarily with respect to T 0 (r, t). The observers defining frame of references in agreement with T 0 (r, t), will not be able to detect the dynamical massive term neither. This situation is analogous to an spontaneous magnetization below certain temperature in the ferromagnetic phenomena.
Note that in addition, the spatial variation of T 0 (r, t) is the responsible for the appearance of the function depending on v.
is the potential expanded up to second order in perturbations and it might contain some mix terms that can be absorbed after some trivial transformations. For concluding this section, we can remark two scenarios. The first one, imagine an observer traveling from infinity scales r → ∞ and approaching eventually to the source located at r = 2GM approximately. This observer will describe a degenerate vacuum if he is located at scales larger that r V (the Vainshtein radius). At the Vainshtein radius, there will be a phase transition and finally, below the Vainshtein radius, the vacuum is not degenerate anymore and the preferred time-direction disappears. This scenario corresponds to the standard Vainshtein mechanism and it is expressed in the equations (19) . An equivalent scenario, is to have an observer located at scales where T 0 (r, t) does not vanish and then compare the results with respect to observers defining the time in agreement with T 0 (r, t), whose define a vanishing value for T 0 (r, t). This is the case explored in this manuscript and it corresponds to the Vainshtein mechanism in time-domains and it is the key ingredient for obtaining the Higgs mechanism at the graviton level. In this manuscript this analysis was performed for free-falling observers.
X. STÜCKELBERG FUNCTION WITH AN ARBITRARY TIME-DEPENDENCE
The previous calculations were based on the idea that the Stückelberg function is linear in time. In other words, the dynamical metric is stationary. However, at the perturbative level, this condition is not satisfied. Note that the portion of T 0 (r, t) which deviates from the usual notion of time, enters perturbatively inside the vacuum solutions for the case of one free-parameter in a "free-falling frame". In addition, the second family of solutions considered in Sec. (VIII), contains an arbitrary function T 0 (r, t), then in principle it makes no sense at all to impose the stationary conditionṪ 0 (r, t) = S. If we make this condition flexible, then instead of thinking on the spatial dependence of the Stückelberg function, we have to think on its total derivative defined in agreement with dT 0 (r, t) =Ṫ 0 (r, t)dt + T 0 (r, t)dr.
Here I will concentrate on the case with one free-parameter with the Stückelberg function arbitrary, analyzed in Sec. (VIII B) under the condition (VIII B 2). This time, the conditioṅ T 0 (r, t) = S will not be imposed. Even if this condition is not imposed, we know that at least at the background level, the dynamical metric should be stationary, then any deviation from the stationary condition should come from the perturbations of the metric. Since I will assume complete arbitrariness in the Stückelberg function, then we can considerṪ 0 (r, t) and T 0 (r, t) as two independent and arbitrary functions. Under this notation, there will be some modifications with respect to the results analyzed in Sec. (VIII). By taking the time derivative of the Stückelberg functionṪ 0 (r, t) ≈ S +Ḃ(r, t), with B(r, t) being an arbitrary space-time function and entering perturbatively, the root square of the determinant is given by
but taking into account thatḂ(r, t) << 1. In addition, the background result for U (g, φ) is given by
which is just the same result obtained in eq. (72) after multiplying by the background value of √ −g and imposing the condition S = α/(1 + α).
A. Perturbations in a free-falling frame
Repeating the same techniques developed previously in this paper, we can calculate the perturbations for δU (g, φ). For the case of one free-parameter with the Stückelberg function arbitrary, and expanding up to second order in perturbations, we obtain the following result
Then we can write potential V (g, φ) expanded up to second order as follows
If we take into account that S = α/(1 + α), then we can solve for the vacuum condition (68), obtaining the following result
where F (x) is a function depending on the argument x = α,Ḃ(r, t), T 0 (r, t). For simplicity, here I will summarize the results in agreement with this function. The presence of the arbitrary functions T 0 (r, t) andḂ(r, t) inside the solution, reflect the functional degeneracy of the vacuum solutions. Then the previous vacuum solution corresponds to the presence of a false vacuum. In order to expand the action around the physical vacuum, we have to shift it in agreement with
The perturbationsh µν correspond to the expansions around the physical vacuum. If we rewrite the action in terms of the physical perturbations, then we obtain the following result:
where v is this time a function of T 0 (r, t) andḂ(r, t).Note the similarity between this result and the one obtained in eq. (91). The difference is due to the dependence on the new functionḂ(r, t).
XI. PERTURBATION ANALYSIS IN THE PRESENCE OF GRAVITY
When the gravitational effects appear, an extra-parameter representing the gravitational strength will show up into the calculations. Here I will define such parameter as and it is a function of the parametric graviton mass m g together with the gravitational scale GM . It also depends on the location of the observer with respect to the source. Note that in our previous calculations, the scale does not appear in the results obtained under the "freefalling" assumption. This is true for any case, whether we have one or two free-parameters as has been analyzed in Sec. (VII) at the background level in a "free-falling frame" of reference and in Sec. (VIII) at the perturbative level under the same conditions. In the presence of gravity, it is important to specify the location of the observers with respect to the source defined by the scale GM . In the standard Schwarzschild case, the static observers are usually located at the infinite such that they cannot feel the gravitational effects. For the case of the standard Schwarzschild de-Sitter case, the static observers are located at a scale where the attractive gravitational effects and the repulsive ones cancel exactly. In massive gravity, we can also select the location of the observers with respect to the source. The scale of location for the observer is not relevant for the purpose of our analysis. The important point is the validity of the coordinate system after selecting the observer location. The function f (Sr) appearing in the definition of the dynamical metric in eq. (13), can be expanded as follows
with containing the fundamental scales of the theory. In addition, since the spatial derivative of the Stückelberg function contains the scales of the theory, namely, GM and m g , when the gravitational effects are taken into account, I will take in general the result T 0 at the lowest order in perturbations. This result can be easily demonstrated for the case of two free-parameters and by extension, it must be true for the case of one free-parameter and the Stückelberg function arbitrary.For the case of time derivative of the function T 0 (r, t), I will take exactly the same result of the previous section, namelẏ
withḂ(r, t) << 1. Under these previous set of assumptions, the massive action expanded up to second order in perturbations becomes in general
where the action is clearly expanded up to second order in h µν , andḂ(r, t). The vacuum solution for this potential is given by
where the functions A n (α) only depend on the parameter α. Analogous relations can be obtained for the other components. In general we have
In fact, the presence of gravity contributes to the vacuum degeneracy. This effect appears through the parameter , which contains the scales GM and m g . By using then the same techniques developed in previous sections, we can expand again the action around the physical vacuum defined in agreement with eq. (98). The action expanded around the physical vacuum, is again expressed as in eq. (99), but this time it is necessary to take into account that the Christoffel connections contain a non-trivial contribution coming from the usual curvature effects. In other words, the action expanded around the physical vacuum becomes
where Γ , corresponds to the portion of the Christoffel connection which depends on the parameter . Similar conclusion applies to ΓḂ (r,t) . Here again v 1 , v 2 and v 3 are functions of the determinant of the vacuum perturbation matrix.
Physical interpretation of the vacuum degeneracy in general frames
When we analyze the physics in general frames, the effects of gravity appear through the parameter . In this sense, the scale fixed by the observer, will depend on the spatial variation of the Stückelberg function, under the assumption T 0 (r, t)
. As has been explained previously, if an observer defines the time in agreement with T 0 (r, t), then he/she will not perceive the effects of the extra-degrees of freedom because he/she will be located in the preferred frame. In such a case, T 0 (r, t) = 0 and as a consequence, → 0. For this observer, the fundamental scales of the theory are such that he/she will perceive Minkowski metric the whole time as the background. In other words, the gravitational effects are switched-off for this type of observers. Here we are talking about an extended equivalence principle. Any other observer, will perceive the effects of gravity since in such a case T 0 (r, t) → 0. In the presence of gravity, the different set of observers define different values for the fundamental scales of the theory. From the physical point of view, all the observers should be equivalent and all of them are connected by the gauge symmetries defined in agreement with [6, 30] 
where ζ t = δ g t and A α is defined in agreement with
with
Then
At this point it is clear that an observer defining the time in agreement with T 0 (r, t), will define the transformation (106) trivially in agreement with ζ t = δ g t, after relabeling index since this observer will ignore the contributions coming from the functions A α (x). On the other hand, an observer defining the time arbitrarily, will perceive the full effects of the Stückelberg fields A α (x) and then such observer will define the gauge transformations for the function T 0 (r, t) in agreement with eq. (106). For a vacuum defined in terms of the Stückelberg functions, as it is the case defined in eq. (104), and before in the results (80) and (97), it is clear that there will not be invariance under the generators involving the Stückelberg fields A α (x). Then these generators are the source of the degeneracy and they will correspond to the broken generators. In the present case, where gravity is taken into account and in addition it enters through an extra-parameter , the degeneracy of the vacuum is equivalent to a multiplicity of the fundamental scales of the theory, all of them connected through the symmetry transformations given in eq. (106). We can extend the Stückelberg field's definition by the introduction of the U (1) symmetry as follows [6] 
In such a case, the transformation defined in eq. (106), is extended to become
The conclusions at this point will not change, and then the vacuum will not be invariant under the previous set of transformations, even if the full action defined in eq. (1) is invariant under the full set of diffeomorphism transformations defined in agreement with eq. (17) .
Note that the transformation Y µ (x) → f −1 (Y (x)) µ is equivalent to the set of transformations (111), after doing the appropriate expansions [6] . Note that under the decomposition (110), if we consider only the scalar component of the Stückelberg fields, then the observers defining the time in agreement with T 0 (r, t) and those defining the time arbitrarily, will be connected through U (1) gauge transformations. Each observer in the presence of gravity, will define different values for the fundamental scales of the theory. Then another way to visualize the previous results is as follows. If we locate observers at some specific scale, then different observers, defining different notions of time with respect to T 0 (r, t), will define different values for the fundamental scales of the theory.
XII. CONCLUSIONS
In this manuscript I have done a possible consistent formulation of the Higgs mechanism at the graviton level based on the Vainshtein mechanism in time-domains. This means that the vacuum has a preferred time direction and then it becomes degenerate. When the observers select some time-direction (frame of reference) and this direction is different with respect to the preferred one established by T 0 (r, t), then the effects of the graviton mass will be perceived. The number of independent broken generators are related to the Nambu-Goldstone bosons of the theory. However at this point it is not clear how many broken generators are related to the number of Nambu-Godstone bosons. Initially for a clean analysis, I have worked in a free-falling frame, which from the GR point of view would correspond to a flat spacetime (Minkowski). In massive gravity, only when the spatial dependence of the Stückelberg function vanishes, the dynamical metric in unitary gauge is conformal to Minkowski. For a non-vanishing T 0 (r, t), the conformal triviality in a free-falling frame is lost in some scenarios. It is interesting to notice that for the case of two free-parameters with the Stückelberg function demanding regularity on the future event-horizon, the free-falling condition guarantees that T 0 (r, t) = 0. However, when we have one free-parameter with the Stückelberg function arbitrary, there is no connection between the free-falling condition and the vanishing derivative of the Stückelberg function. Then the equivalence principle is broken for this particular family of solutions if we include all the degrees of freedom inside the dynamical metric. This case is the interesting one for the purposes of this manuscript and the key ingredient for the formulation of the Higgs mechanism at the graviton level. The non-vanishing term T 0 (r, t) has a double role in the Higgs mechanism. The first one is that it appears in the definition of the false (physical) vacuum in eq. (81). The second role is that it appears inside the Christoffel connection terms of the action, which otherwise would vanish in a free-falling frame of reference. The Christoffel connections, then play the role of gauge fields generating the graviton mass dynamically. Note that in this manuscript initially I considered the conditionṪ 0 (r, t) = S, and then I extended the results to the situations where this condition is not satisfied. If we consider the background to be stationary, then any deviation from this condition will enter at the perturbative level. Finally, in this paper I introduced the gravitational effects for the cases where the free-falling condition is not satisfied. I introduced the gravitational effects through the parameter , which contains the gravitational scales of the theory. This parameter appears inside the function f (Sr). The vacuum will be then degenerate due to the presence of the functionsḂ(r, t) (non-trivial time-dependence of T 0 (r, t)) and T 0 (r, t) in the solutions. This is not new with respect to the other cases, however, what is interesting in this situation is that this degeneracy is equivalent to a multiplicity of the fundamental scales of the theory. This issue can be connected with a renormalization flow and the notions of observers in this theory. An observer defining the time in agreement with T 0 (r, t), will define → 0. For this observer, the gravitational effects disappear. All the other observers defining the time arbitrarily, will perceive the gravitational effects at the perturbative level through the parameter . This multiplicity of the fundamental scales of the theory will be related each other through the set of diffeomorphism transformations depending on the Stückelberg functions (related to the time-direction). In other words, they are connected through the broken generators, which are related to the coset space. For the special case where we only consider the scalar Stückelberg function, the multiplicity of the fundamental scales of the theory will be connected each other through a transformations of the type U (1) in the complex plane. The ideas of the present manuscript can be extended for the cases where the Vainshtein mechanism is considered as an attractor beyond the quasi-static approximation. The mechanism under such conditions has been developed in [29] .
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